We further examine a theory of phase contrast imaging (PCI) of cold atomic gases, first introduced by us in Phys. Rev. Lett. 112, 233602 (2014). We model the PCI measurement by directly calculating the entangled state between the light and the atoms due to the ac Stark shift, which induces a conditional phase shift on the light depending upon the atomic state. By interfering the light that passes through the BEC with the original light, one can obtain information of the atomic state at a single shot level. We derive an exact expression for a measurement operator that embodies the information obtained from PCI, as well as the back-action on the atomic state. By the use of exact expressions for the measurement process, we go beyond the continuous variables approximation such that the non-Gaussian regime can be accessed for both the measured state and the post-measurement state. Features such as the photon probability density, signal, signal variance, Fisher information, error of the measurement, and the backaction are calculated by applying the measurement operator to an atomic two spin state system. For an atomic state that is initially in a spin coherent state, we obtain analytical expression for these quantities. There is an optimal atomlight interaction time that scales inversely proportional to the number of atoms, which maximizes the information readout.
I. INTRODUCTION
Phase contrast imaging (PCI) [1] is a powerful tool for performing non-destructive measurements, based on the observation of a phase shift of incident waves due to interaction with a probe object. It has been realized in a variety of configurations, involving light [1] , X-rays [2, 3] and electron beams [4] and found extensive use in biomedical imaging [5] , and structural imaging and studies of properties of nano devices and materials [6] . In the context of measurement of atomic Bose-Einstein condensates (BEC), PCI [7] [8] [9] [10] [11] has been used to measure the properties of ultracold atomic gases [10, 11] , as well as small and dense atomic condensates [7] [8] [9] in situ. The method has the advantage over other alternative methods such as absorptive [12, 13] and fluorescence [14] imaging, as it can be applied repeatedly to the same atomic sample without destroying it [15, 16] . During the PCI measurement [7] [8] [9] a nonresonant detuned coherent light beam interacts via the ac Stark shift with the atoms causing the states of light to accumulate a phase shift as shown in Fig. 1 . The phase shift of light is detected in a homodyne measurement from which the state of the atomic condensate is inferred. Such a measurement technique is a central component for readout in several applications proposing to use atomic BEC in quantum metrology [17, 18] and quantum information [19] [20] [21] .
We previously developed a theory of PCI measure- Schematic configuration for the off-resonant lightmatter interaction for phase contrast imaging considered in this paper. The incident light is detuned from atomic resonance realizing an ac Stark shift. The atoms in the state |ψ involving the ground state internal levels fi with the incident light, and become entangled with the light. Every Fock state of the atoms produce a phase shiftφ. Finally, the light which passes through the atoms |γ and the light which does not pass through |χ are interfered and photons are counted to obtain a signal S. ments at the single shot level in Ref. [22] . The basic idea of the method is to first explicitly calculate the entangled state between the atoms and the light induced by the ac Stark shift. Projecting the photons on the interference basis, we were able to relate the difference of the photon counts to the average S z spin of the BEC by a simple expression. The method both yields the amount of information about the quantum state that can be ob-tained, and the backaction on the state. In this paper, we give an extended treatment of the single shot PCI theory developed in Ref. [22] . We derive expression for the measurement operator that embodies both the information and the backaction due to the measurement. We show that the backaction due to the measurement scrambles and shifts the relative phase of the atomic condensates, but is controllable by the degree of atom-light interaction. We demonstrate that the measurement has the best performance for the dimensionless atom-light interaction time being of the order ∼ 1/N where N is the total number of atoms. Our findings complements earlier works that studied the limits on sensitivity [23] [24] [25] of nondestructive measurement, and the backaction [26] [27] [28] due to PCI measurement. In particular, Refs. [26] [27] [28] calculated the backaction of PCI measurement in a continuous measurement model by deriving an effective master equation, in which the degrees of freedom of probe is traced out. Our work in contrast to these works are at the single-shot level, which directly shows how much information and backaction occurs with each PCI measurement.
In addition to the above works, we note that Refs. [29] [30] [31] studied interactions between atomic ensemble and coherent light in a polarization measurement that is related to PCI. These works used the spectral density of the probe beam that has interacted with an atomic ensemble to estimate the degree of squeezing and entanglement resulting in the states of atomic ensemble. Our work is distinct from such works where the spin ensembles are treated in the continuous variables (CV) approximation. In this approach, the spins are considered to be polarized in a particular spin direction (say S x ), and the remaining total spin degrees of freedom (S y , S z ) are used as the quadrature variables [31] . In the approach presented in this paper, this approximation is not performed and thereby we are able to go beyond the CV regime. For example, our constructed measurement operator can be applied to any state, not only spin coherent states in the vicinity of polarized states. Also it predicts the evolution of an initial spin coherent state into highly non-Gaussian states. Such result obviously cannot be obtained in the CV approximations used in these works [29] [30] [31] . Additionally, we aim to estimate the optimum scaling of atom-light interactions such that the measurement of the atomic condensates or ensemble is still minimallydestructive. We show that to calculate this one requires a beyond-CV analysis, as there is a fidelity loss that is not present in a CV approximation. These results are fundamental in nature and very important for applications using atomic condensates or ensembles and PCI in quantum information and metrology.
The remainder of the paper is organized as follows. In Sec. II we describe the model of PCI measurement that we use in this paper and Ref. [22] , and derive an expression for the PCI measurement operator. We then analyze the information that is extracted from the PCI measurements using this operator in Sec. III. This involves calculating the photon probability density (Sec. III A), signal (Sec. III C), quality of the esimate (Sec. III D), and Fisher information (Sec. III E). We then examine the backaction due to the PCI measurement in Sec. IV. We give some experimental estimates of parameters in Sec. V. Finally, our conclusions are given in Sec. VI.
II. PHASE CONTRAST IMAGING MODEL
We consider an M component atomic Bose-Einstein condensate (BEC) confined in a trapping potential and is interacting with a light beam detuned from atomic resonant transition. The light beam couples the ground state to an excited state via an ac Stark shift as shown in Fig. 1 . Assuming that the population of the atoms found in the excited state is negligibly small due to a large detuning, the excited state may be eliminated. The effective interaction ac Stark shift Hamiltonian may be written (see the supplementary material of Ref. [22] )
k f k is the number operator, f k are bosonic atomic annihilation operators that act on vacuum to destroy an atom on level
strength of atom-light interaction [22] , and a is the light field operator that acts on the vacuum to destroy a photon ([a, a † ] = 1). Although we assume that the atoms are in a BEC, our theory equally applies to cold atom ensembles as long as the ac Stark shift acts symmetrically on all atoms, and the initial atomic state is symmetric under particle exchange. The main difference formally is that the number operators for each level would be written n k = i |k, i k, i| instead of bosonic operators, where |k, i denotes the ith atom in the ensemble in its kth atomic state. As long as the atoms remain in a symmetric superposition state at all times, they are equivalent to the bosonic system.
We assume that the state of the BEC is
where |n 1 n 2 . . . n M = |n 1 ⊗ |n 2 ⊗ · · · ⊗ |n M and the Fock states of the BEC are
The light field is initially in a coherent state which as suggested by Fig. 1 is split into two components, light which passes through the BEC with amplitude γ and light which does not pass through the BEC of amplitude χ:
where a (b) is the photon annihilation operator for the light mode which does (not) pass through the BEC respectively. During the atom-light interaction, the Hamiltonian Eq. (1) 
In general, the light in the state |χ will also pick up a phase φ χ after passing through the phase plate [9, 16] , which is included in (5). The atom-light interactions entangle the coherent states of atom and light, as the phase rotations of |γe i k g k n k τ will be different in general for each term in the expansion with |n 1 n 2 . . . n M . The phase picked up by these photons contains some information about the state of the atoms. This information is accessed by interfering the light which passes through the BEC with the remaining light in a homodyne measurement as shown schematically in Fig. 1 . Assuming a 50-50 beam splitter, the relationship to the new modes may be written
The state of atom-light system after light has passed through the beam splitter becomes
Finally, a photon number measurement is made in the number basis n c = c † c and 
We may now define a measurement operatorM nc,n d which gives the total effect of the PCI measurement. For a PCI measurement with photon counting outcome of n c and n d ,
and we have reinstated n k to an operator as it is yet to act on a state in (9) . The operatorM nc,n d describes the effect of measurement on the condensate induced by the PCI procedure. From the definition it is clear that the final state (8) is simplyM nc,n d |ψ . In the following sections we will study various properties of this measurement operator.
III. INFORMATION READOUT
In this section we examine the information that can be extracted from a PCI measurement. We first obtain the probability distribution of the photon counts, which forms the foundation of the information that can be extracted. We apply the probability distribution to the analysis of two component spin-state to obtain an expression for the signal, equal to the difference between the photocounts on the two detectors. Also, we discuss the error and Fisher information of the PCI readout for a two component spin-state.
A. Photon probability distribution
The information of quantum state of the BEC is inferred from the difference in photon counts n c − n d . To calculate this we require calculation of the joint probability P (n c , n d ) of counting n c and n d photons. This can be calculated tracing over the projection of the state |n 1 . . . n M on the atomic states
Using (9), the expression for the probability P (n c , n d ) is written explicitly as
where
The exact expression for the probability given in (12) does not lend itself to an easy interpretation. To be able to understand the behavior of the probability, let us analyze (13) in terms of the trigonometric functions
where we have absorbed the relative phase between γ and χ into φ χ . Assuming that the total number of atoms in the BEC is
we may consider that the phase term k g k n k in (14) produces an average phase offset
The relative phase around this average then depends upon the particular n k configuration, and we may define
From (14) we may already observe that the typical timescales that the PCI regime will work with is
The fact that this is the optimal timescale will be derived in more precisely in the following sections. For n c , n d ≫ 1, and requiring the total number of photons (n d + n c ) in the measurement be greater than the relative number of photons
It is immediately evident that special interesting cases occur. For |γ| ≪ |χ|, only very small amount of the light beam pass through the atomic condensate. This limit corresponds to the current experimental realisation where the photon flux through the atomic BEC is small in comparison with the photon flux that are not scattered by the atomic condensate. Another interesting limit is |γ| = |χ|, where the photon flux through the BEC is equal to the photon flux not scattered by the condensate. The scenario |γ| = |χ| can be realised experimentally by placing the condensate in one arm of Michelson interferometer.
We may now see how the photons become correlated with the quantum state by examining the peak of the distribution (19) . The maximum of the Gaussian distribution is located at
Where we have used the conservation of the number of photons such that the total number of photons that are detected is the same as that in the initial light. This relation suggests that up to the constant phase factors φ χ and φ γ , the photon count difference can be related to φ r , the relative phase which depends upon the state distribution.
B. Application to two component spin-state
Let us now specialize to the case where there are only two hyperfine ground states that the atoms occupy M = 2, and they are in spin coherent state
In this case the probability distribution is
where Y n1N −n1 is given in (19) , and
with G = (g 1 − g 2 )/2 and g = (g 1 + g 2 )/2. From (18) the typical interactions times that the PCI measurement will work in is
With the use of Stirling's approximation the binomial function in the expression for the probability is simplified as
Replacing the sum over n 1 in (24) by an integral and evaluating, we write the expression for the probability as
where we have used a standard parametrization of the state on the Bloch sphere
Finally using Stirling's approximation in (28) results in the following simplified expression for the probability density
The form of Eq. (29) suggests that probability density be written in terms of relative photon number which by the way corresponds to what one expects in an experiment. Making a change of basis into the relative coordinates
the probability becomes , φγ = φχ = 0, and the atom-light interaction time Gτ is as shown in each figure.
The most dominant contribution to the probability density comes from the points around the maximum of the function
.
Expanding
, we may write it as product of two functions that are properly normalized to unity
From (33) and (35), the averages of the probability distribution are
and
while the variances of probability densities are approximately
respectively, where
The average and variance of the probability density with u is independent of the atom-light interactions. The probability density with v on the other hand depends on interaction time Gτ as shown in Fig. 2 . For instance, at small values of Gτ ≪ 1/ √ N shown in Fig. 2(a) (b) the width of the relative probability density along v is roughly ∼ ∆u. Fig. 2(c) shows that increasing atomlight interaction time causes the width of the probability density along v to grows linearly at a rate proportional to Gτ ,
while the width along u remains the same. At large Gτ ∼ 1 √ N , the width of the relative probability density along v is of the order (∆u) 2 as can be seen in Fig. 2(d) . We note that the anomalous features in Fig. 2(d) arise because v is only defined on the interval [−u, u]. For v close to ±u, the exponential term dependent on v (i.e. φ) in (31) becomes small but finite. However, the amplitude approaches infinity such that the product remains finite and large in comparison to values of v < |u|. This explains the edge effect observed in Fig. 2(d) compared to Fig. 2(a)-(c) . 
C. Signal from photon counting
The signal S obtained from the measurement is calculated according to
where the normalization is taken for convenience such that the signal is a quantity of order unity, as suggested by (22) . In the general case (42) must be evaluated numerically. For specific states of the atomic system it is possible to evaluate the expressions analytically. For spin coherent states, we may use the approximate probability distribution (35) to evaluate
where the equality in (44) is achieved by evaluating (43) in a complex plane using the steepest descent method. We see that the signal has an oscillatory dependence to the relative population difference cos θ 0 = |α 0 | 2 − |β 0 | 2 , showing that our theory captures the effect of the PCI measurement [22, 32, 33] . We observe in addition that the signal S decays exponentially at large atom-light interaction times Gτ ∼ 1 √ N . The signal decay arises because atom-light interaction causes each photon number state to evolve at different rate, and results in accumulation of a relative phase between different photon number states. Averaging over the many different photon number states, each number state evolving at different rate gives the exponentially decaying amplitude in (43). Similar effects have been observed in other systems involving S z S z interactions, where at equivalent times there is an "oversqueezing" effect and linear correlations are lost [34] . This suggests that to obtain the largest signal it is best to have times in the range Gτ ∼ 1 N . This will be verified in the next section using different methods.
Meanwhile, the variance of the measurement can be calculated similarly
The variance as written consists of contribution from two sources. The first term is the shot noise of the probe light, and remaining terms are due to the fluctuation in the atomic condensate. At small values of the atom-light interaction time Gτ ∼ 1/N , the total variance increase and can be approximately be written as
By using a bright probe beam, one may reduce the shot noise fluctuations. For sufficiently photon low shot noise, the fluctuations of the BEC can be observed. For a spin coherent state the variance of
hence the PCI measurement can directly measure not only the average S z spin but also the fluctuations. As the total variance (∆S) 2 oscillates as a function of the relative population difference in the atomic spin for a given Gτ , in such a variance estimate one must tune the phases such that the magnitude of the cosine is at a maximum, or equivalently the sine in (43) is at a minimum. Thus the maximum variance measurement point is when the signal is at the minimum. At longer atom-light interaction times Gτ ∼ 1 √ N , from (46) we see that the correlations to the atomic state diminish in a similar way to the signal. The PCI measurement degrades in this regime, hence for the variance interaction times Gτ ∼ 1 N is optimal. In Fig. 3 we plot the signal and variance of the signal for typical experimental parameters, using the expression (42) and (45). For times Gτ = 1/N we see the expected behavior, where the signal oscillates with respect to angle θ 0 to the S z -axis of the Bloch sphere. The variance also shows the expected behavior, where the maximum variance is seen when the magnitude of the signal is smallest. Disregarding the shot noise which is small for the parameters chosen, (47) agrees with the form of the variance as plotted in Fig. 3(b) . Up until times Gτ = the signal starts to deteriorate, due to the exponential dampening factor (44). For these long times G 1/ √ N , the variance starts to approach a constant value
which can be obtained by setting all the exponential factors in (46) to zero. We remark that in the limit |γ| ≪ |χ|, the observed signal is S |γ|≪|χ| = |γ|S, and the variance is (∆S |γ|≪|χ| ) 2 = |γ| 2 (∆S) 2 . It is easily seen that the amplitude of the signal S |γ|≪|χ| is as large as |γ|. On the other hand, the error of the PCI measurement is dominated by contributions from the light that did not pass through the atoms |χ| (local oscillator) that is overlaid by the fluctuations in the atomic BEC that is of the order |γ| 2 . The contributions due to the weak field |γ| is vanishingly small ∼ (|γ|/|χ|) 2 , and thus negligible.
D. Quality of the PCI measurement
The quality of PCI measurement in estimating the atomic spin, is quantified by the error propagation formula [35, 36] 
A good PCI measurement according to this measure has a small value of E, where the variance of the measurement is small and there is a strong correlation between the signal and the initial state. For zero interaction between the light and the atoms Gτ = 0, the signal (44) has no dependence on θ 0 , thus E is large and positive. Using (44), E may be written as
(51) where (∆S) 2 is as given in (46). Eq. (51) is plotted in Fig. 4 as a function of θ 0 for various interaction times Gτ . With increasing Gτ in the regime 0 < Gτ 1/N , the quality improves with the error E generally reducing. At times Gτ = 3/N some cusps develop due to the faster oscillation of the signal with θ 0 , which may be seen from the Φ dependence in the denominator. However, overall the error E remains at a low level. But, for Gτ of the order of 1/ √ N , more and more cusps develop degrading the quality of the PCI measurement. For Gτ = 5/ √ N we observe a further degradation of the PCI quality with and overall increase of the error E. As may be seen from (51), the error exponentially degrades, as the variance (∆S)
2 approaches a constant as seen from (49). To understand this behavior, we may approximate (51) by expanding the exponential factors for small values of
It is easily seen that the error (52) diverges as one approaches θ 0 = 0, π which may be expected as these are the poles on the Bloch sphere, where with respect to the S z -axis, there is no variation with θ 0 . The lowest achievable error E can be estimated by minimizing (52) with respect to Gτ at a fixed α 0 , β 0 , giving a criterion
For φ χ = φ γ = 0 this has a solution Gτ N cos θ 0 ≈ 0.86, which shows that to a reasonable estimate taking Gτ N ∼ 1 will give close to optimum results. The scaling of the optimum coupling time has been previously obtained using a different means [22] .
E. Fisher information
Another measure of the quality of the PCI measurement is the Fisher information defined as
This can be related to the error of PCI measurement through the Cramér-Rao lower bound where m is the number of independent repetitions of the experiment. For a given m, the Cramér-Rao bound is minimum if the Fisher information F (θ 0 ) is large. Using the probability distribution (24), we obtain an expression
where σ is
(57) The Fisher information may also be written as
We see that as Gτ tends to zero, the Fisher information is zero meaning that no information can be inferred from the measurement. As such the sensitivity decreases (i.e. E(θ 0 ) is infinite). However, as Gτ tend to infinity, the Fisher information reaches a finite value of N , and one attains the best sensitivity which for m = 1 scales as 1/ √ N . A comparison of the approximate result (56) with the numerical computation of (54) shows that with Gτ the Fisher information does not increase indefinitely, and there is an optimum value Gτ ∼ 1/N beyond which no significant information is gained by increasing the interaction time Gτ . This is because for Gτ > 1/N the Fisher information drops rapidly to zero for certain values of θ 0 , such that the singular points that are averaged out in the approximate expression starts to make a contribution. Thus we again see that the best PCI measurements are obtained for Gτ ∼ 1/N .
IV. MEASUREMENT-INDUCED BACK-ACTION
As we have seen in Sec. II, the coupling the atomic state to light results in the photons to accumulating a relative phase rotation. The detection of the phase shifts of the photons in a homodyne measurement causes the initial atomic state |ψ to make a transition to the state
with probability P (n c , n d ). This post-PCI measurement state has varying degrees of backaction depending upon the parameters chosen. In this section we study the effect of the PCI measurement on the atomic quantum state at the single shot level.
In the ideal case, the PCI measurement produces a negligible backaction and the measurement is able to read out the state to a high fidelity. Naturally, the laws of quantum mechanics imply that doing both perfectly is impossible. However, as N becomes larger this scenario is asymptotically approached. The informationdisturbance tradeoff was calculated in Ref. [22] and was found to have a universal behavior. To determine the effect of the backaction on the initial state |ψ it is instructive to plot the Q-distribution, which in our case 
This is more representative than alternative measures of the backaction such as the fidelity (i.e. | ψ|ψ m | 2 ), as for many-particle states such as those that we deal here, there is an exponential suppression of the fidelity with the particle number. For example, for two spin coherent states that deviate by an angle δθ [20] ,
thus a fidelity becomes exponentially sensitive to small angular deviations on the Bloch sphere.
For an initial spin coherent state |ψ = |α 0 , β 0 , we may use similar approximations to that discussed in the previous section. The Q -function may be estimated analytically, giving
and σ 2 is as given in (57). The analytical expression shows that the measurements affects only the phase ϕ of the atomic condensates. In Fig. 6 we directly calculate the Q function numerically using (59), which shows the same general behavior, a broadening in the ϕ direction. From the analytical form, we see the measurement causes a drift in the phase of the atomic condensate, ϕ − ϕ 0 = (|χ| 2 + |γ| 2 )Gτ . This can be understood to be an average phase drift given by the light on the BEC. The other effect is the increase in the width of the relative phase to width σ Q . Both effects are proportional to the atomlight interaction time, Gτ . Weak measurements with the interaction times Gτ ≪ 1/ √ N as described above, tend to preserve the coherent properties of the state |ψ m of atomic condensate, namely ϕ ≈ ϕ 0 and ∆ϕ ∼ 1/ √ N . This is true provided that effect of photon statistics on the measurement is small Gτ (|χ| 2 + |γ| 2 ) ≪ 1, as seen in Figs. 6(a)(b) . However, as the atom-light interaction time increases the relative phase of state |ψ m is shifted by an amount proportional to the atom-light interaction time Gτ . The growth of σ Q is due to a scrambling of the relative phase that causes loss of coherence as shown in Fig 6(c)(d)(e) . This is a similar effect to phase diffusion due to atom-atom interaction, which causes each atomic number state to evolve at different rate around the Bloch sphere, thereby scrambling the phase [37, 38] .
The fidelity of the states |ψ (23) and |ψ m (58)(not keeping the measurement record) is
where it easily shown that
and σ is as defined in (57). Comparing (63) and (61), it is evident that setting θ = θ 0 and φ = φ 0 in (61) and ignoring the normalisation constant gives the fidelity F (θ 0 ). For Gτ = 0, the fidelity is unity for all initial value as expected. However, the fidelity decreases with increasing values of Gτ and is vanishingly small for all values of θ 0 except for θ 0 = 0, π. To understand this, we turn to the Q -function where it is easily understood that for the atomic coherent state, the states θ 0 = 0, π is a well defined number state with zero phase and are not affected by the fluctuation in phase. In fact, whereas the Q -function shows that the changes in the states of the atoms are due to distortion in the phase of the atomic state, the fidelity for a given initial amplitude θ 0 measures the resemblance between the initial state and the final state. From the outset, it easily understood that the resemblance of the final state to the initial state is remarkably similar and the fidelity is close to unity if the phase is relatively unscrambled as discussed in the Q -function section above. Hence, the fidelity indirectly measures the distortions in the phase of a given amplitude of atomic states, and the distortion proves to be roughly same amount for every initial amplitude θ 0 .
V. EXPERIMENTAL PARAMETER ESTIMATES
Lastly, we provide estimates for parameters appearing in our model. The interaction frequency G j is [22] , where the average field E 2 (r) in terms of the average intensity I is E 2 (r) =
2I
ǫ0c . For definiteness, we consider the D 1 line transition of 87 Rb atoms where only the m F = ±1 (F = 1) states are occupied. For PCI imaging of 87 Rb atomic BEC using σ + polarised laser light of average intensity 300µW/cm 2 [9] and detuning of 212 MHz [9] ,
To estimate the interaction time τ , we calculate the time taken by light to traverse the atomic cloud. In Ref [9] , PCI laser light was applied to BEC along the axis of tightest confinement. The radius of the cloud along this axis is R y = ( 2µ mω 2 y ) 1/2 , giving τ = 2R y n p /c, where n p is the refractive index at the peak density of the atoms, µ is the chemical potential of the BEC, ω y is the trap frequency along the axis of tightest confinement, and m is the mass of the atom. Thus the coupling strength Gτ using parameters of Ref. [9] is Gτ = 2 × 10 −7 . Compared with 1/N = 2.5 × 10 −7 affirms that the experiment of Ref. [9] was performed in the minimally-destructive regime.
To enter the non-Gaussian regime, we require coupling strength in the region of Gτ ∼ 1/ √ N . This thus requires a further increase of the dimensionless coupling Gτ by a factor ∼ √ N . For small ensembles this may readily be achieved by increasing the laser intensity. Alternatively, cavities may be used to enhance the coupling. Enhancements of G by factors over 10 3 are readily obtain-able [39, 40] , and hence the non-Gaussian regime should be reachable using current experimental technology.
VI. SUMMARY AND CONCLUSIONS
In summary, we have presented a theory of single-shot phase contrast imaging of atomic Bose-Einstein condensates, extending upon the initial work presented in Ref. [22] . We derived a measurement operator that fully describes the information obtained from the measurement, as well as the backaction due to the measurement. Using the measurement operator, we calculated the probability density and its characteristic features such as the mean, standard deviation, estimation error and Fisher information. For the measurement to be described as nondestructive, we found that there is an optimum atomlight interaction time, which scales inversely with the population of atoms in the condensates, Gτ ∼ 1/N . Beyond this atom-light interaction time Gτ > 1/N , the signal starts to deteriorate until no significant information can be inferred from the measurement. We showed using the Q -function that the state of the atomic condensates suffers significant back-action due to the measurement for times Gτ ≫ 1/N , but is fairly minimal for Gτ ∼ 1/N . In particular, the back-action shifts and scrambles the relative phase of atomic BEC states by an amount proportional to the atom-light interaction time, assuming that the photon statistics plays limited role N ≫ |χ| 2 + |γ| 2 (i.e. the total number of atoms N in the atomic condensate is greater than the combined average photon number u 0 used in the measurement).
In this work we did not take into account the backaction resulting from dephasing due to residual absorption as done in Refs. [26] [27] [28] . Although light used in the measurement is far-detuned from atomic resonance transition, a small number of atoms are excited. These atoms decay by spontaneous emission, and do not return to the atomic condensate. Because the spontaneous decay process is uncontrolled and random, it leads to the heating of the atomic samples. Recently, it was found that narrow linewidth lasers are highly effective at suppressing the ac Stark shift scattering rate due to non-Markovian effects [41] , hence we expect that this can be reduced to a very low level in practice. We have also assumed that the particle number in the BEC is a constant N , which may appear to be a strong assumption, as typically shot to shot the particle number in an experiment will vary. However we point out that we consider a single-shot scenario where the number of atoms in the trap, including both the condensed and thermal fractions, is to a good approximation fixed to N . As long as the light is applied to the atoms in a symmetric way, our theory applies to both BECs and ensembles, hence to first order we expect that both the condensed and uncondensed parts contribute in the same way. A full calculation taking these effects into account is left as future work.
